LECTURE 14

In this lecture, we give a brief introduction to stable homotopy theory and spec-
tra.
From this lecture on, we use the notation

Spc := Grpd,,.

1. STABLE HOMOTOPY GROUPS

1.1. Let Top, be the ordinary category of pointed spaces. There is an adjunction
¥ : Top, = Top, : ,

where

e The left adjoint ¥ is the (based) suspension functor given by
YX =S A X = (ST x X)/(({*} x X)u(Sh x {*})).
e The right adjoint €2 is the loop functor given by
QY = Homy,,, (S',Y),
where the RHS is equipped with the compact-open topology.
1.2. In fact, this adjunction is compatible with Quillen’s classical model structurdﬂ
Taking derived functors, we obtain an adjunction
(1.1) LY : hTop, — hTop, : RQ.
Since pointed CW complexes are bifibrant, we have
[EX,Y]~[X,QY]

where [—, -] is the set of homotopy classes of continuous maps.
Exercise 1.3. Show that ¥S" ~ S"*1,

Exercise 1.4. For Y € Top,, there is a canonical isomorphism w41 (Y) ~ m, (QY)
where the group structure on the RHS is induced by the concaternation map Y x
QY - QY.
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LFor this to be true, we have to replace Top by the category of compactly generated topological
spaces (to make sure it is Cartesian closed). Any CW complex is compactly generated.
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2 LECTURE 14

1.5. For pointed CW complexes X and Y, define
[X, Y] i= colim [2F X, 2Ry

Exercise 1.6. Show that [X,Y]s is naturally an abelian group. Hint:
[Zk+2X7 Zk+2y] ~ [ZkX, QQZk+2y] .

Definition 1.7. Let Y be a pointed CW complex, the n-th stable homotopy
group of Y is defined to be

m (V)= co’Lim Tk (BFY).

Example 1.8. The group m,(S) := 75 (S°) is called the n-th stable homotopy group
of the sphere (spectum). Up to today, people have calculated them for n < 90.

1.9. Stable homotopy theory studies the stable homotopy groups of spaces,
and more generally, the limit behavior of various homotopy invaraints under the
suspension functor £*, k — co. In constrast, the usual homotopy theory is referred
as the unstable homotopy theory. Our guiding philosephy is

Slogan 1.10. Stable homotopy theory is the linearization of unstable homotopy
theory:

stable homotopy theory = linear algebra in homotopy theory .

2. SPECTRA

2.1. In previous lectures, we have explained the following philosephy. In order to
capture all the homotopy invariant information in Top, we need to word with the oco-
category Spc of spaces rather than its homotopy 1-category hSpc ~ hTop. Similarly,
the homotopy invariant information of pointed spaces should be captured by the
coslice co-category

Spc, = 5pcy,y)-

It follows that the “correct” playground for stable homotopy theory should be an
oo-categorical stablization or linearization Spc,. For instance, we hope for (good)
objects X,Y € Spc,, the corresponding mapping space in this stablized co-category
is given by

co}Lim Mapss,,, (R X, 2FY).

Let us first define the co-categorical version of ¥ and (2.

Definition 2.2. We say an oo-category C is pointed if it admits an object 0 € C
which is both initial and final. We call it the zero object of C.

Exercise 2.3. Let C be an oo-category that admits a final object *, show that C,,
is pointed. In particular, Spc, is pointed.
Definition 2.4. Let C be a pointed oo-category that admits finite colimits. The
suspension functor on C is defined as

»:C->C, X~»0uo.
X

Definition 2.5. Let C be a pointed co-category that admits finite limits. The loop
functor on C is defined as

Q:C->C,Y~0x0.
Y
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Exercise 2.6. Let C be a pointed oo-category that admits both finite limits and
colimits. Construct an adjunction:

Y:C=C: Q.
Exercise 2.7. For C:=Spc,, the above adjunction induces an adjunction for ho-
motopy categories:
hX : hSpc, —= hSpc, : h.
Show that this adjunction can be identified with (L.1)) via the equivalence hSpc, =~
hTop, .

2.8. The construction
Maps(-,-) ~ colim Maps(x*(-), 5*(-)).
can be viewed as formally inverting the functor X.

Exercise 2.9. Let A be a commutative ring and f € A be an element. Show that
A ~colim[A L 4L ]

2.10. Let C be a pointed oco-category that admits both finite limits and colimits.
Motivated by the above construction, we would like to define the stablization of C
to be

colim[C Zcs woe].
However, we need to be careful about where this colimit is taken inside. For in-
stance, when C is presentable, such as Spc,, we would like to obtain a presentable
oo-category.

Exercise 2.11. Let C be a pointed presentable co-category. Show that the colimit
colim[C Zcs ~]ePrt
corresponds to the limit
. Q Q R
im[C+— C«—-]€ePr
via Prt = (PrR)op.
2.12.  Recall limits in PrR can be calculated as limits in Cate,. This motivates the
following definition.
Definition 2.13. Let C be a pointed co-category that admits finite limits. Define
Sptr(C) :=lim[C 2cld -]

and call it the oo-category of spectum objects of C. We denote the evaluating
morphism for the (k+1)-term by

Q%" : Sptr(C) - C.
Example 2.14. For C:=Spc,, write
Sptr := Sptr(Spc, )
and call it the co-category of spectra.

Exercise 2.15. Show that Q : C - C preserves finite limits. Deduce that Sptr(C)
admits finite limits and the functors Q7% preserve and detect them.

Exercise 2.16. Show that Sptr(C) is pointed.
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Exercise 2.17. Let Qgspyr(cy be the loop functor on Sptr(C). Show that
Q%7 0 Qsper(cy (B) = Q= 7(B).

Deduce that Qspie(cy s an equivalence. Hint:

c<%% 2 ..
C<~— Ce— ...
Q Q

Exercise 2.18. Show that
Q7% Sptr(Sptr(C)) — Sptr(C).
is an equivalence.

Remark 2.19. In the next lecture, we will define and study stable oo-categories,
which are exactly those pointed co-category admitting finite limits such that € is an
equivalence.

Exercise 2.20. Show that hSptr(C) is an additive category. Hint:
MapSSptr(C) (E’ El) = QZ'vlapsSptr(C) (Ev E2E‘,)'

3. SPECTRA AND INFINITE LOOP SPACES

3.1. Informally speaking, knowing an object X € Sptr(C) is equivalent to knowing
the following datum

e For any n >0, an object X, € C;
e For any n >0, an equivalence X, ~ QX ;1.

Here we take X,, to be Q®°7FX.
Note that X,,,1, equipped with the equivalence X, ~ QX .1, gives a delooping
of X,,. As a consequence, we obtain the following slogan.

Slogan 3.2. A spectrum is a space equipped with infinite deloopings.

Warning 3.3. For a space Y € Spc,, its delooping is not unique even up to homo-
topy. Hence in above, it is crucial to remember all the deloopings.

3.4. Note that a loop space Q7 is equipped with a homotopy coherent multiplica-
tive structure, which makes my(2Z) an abstract group. In future lectures, we will
rigorously define such a structure, and call it a grouplike E;-structure. Moreover,
given a grouplike E;j-space Y, there is an essentially unique connected delooping
of Y, denoted by BY, such that Y ~ QBY is compatible with the grouplike E;-
structures.

Moreover, we will generalize the above to iterated loop spaces Q" Z and grouplike
E,-spaces. In fact, this even works for n = oo, and we will explain the following
slogan.

Slogan 3.5. A connective spectrunﬂ 18 a grouplike Eo,-space.

2We say a spectrum E € Sptr is connective if 7, E ~ 0 for n < 0. See Definition H below.
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4. SPACES VS. SPECTRA

4.1. In this section, we focus on the case when C is pointed and presentable, such
as C:=Spc,. By definition, we have a colimit diagram

[C Zcs -] > Sptr(C) e Prt
and a limit diagram
[CE ]« Sptr(C) e PR
It follows that we have an adjunction
2% C = Sptr(C) : Q>
with ¥°°7% given by the evaluating morphism for the (k + 1)-term.

Example 4.2. The object
S:= 2°S% ¢ Sptr

1s called the sphere spectrum. It plays the role of Z in homotopical algebra.

Example 4.3. Let A be an abstract abelian group. For each n, choose an
Eilenburg-Maclane space K(A,n), which is characterized up to homotopy by
K (A,n) ~ A and 1, K(A,n) ~0 for m#n. We can also choose weak homotopy
equivalences

K(A,n) > QK(A,n+1).
These choices give an object HA € Sptr, which is well-defined up to homotopy. We
call it an Eilenburg—Maclane spectrum for A.

Remark 4.4. In future lectures, we will characterize HA up to a contractible space
of choices.

Exercise 4.5. Let E € Sptr(C), show that
colim IS Vi aly DRy )
Exercise 4.6. Suppose C is compactly generated, show that for any X € C and
720,
colimQFInkx 5 Q> ine X,

k>j

Deduce that if X € C is compact, then for any Y € C, we have
Mapsspir(c) (3 X, B7Y') = colim Mapsc(ZF X, 2FY).

Definition 4.7. Let E € Sptr be a spectrum. For any n € Z, we define the n-th
homotopy group of E to be

mn(E) = moMaps(S, Q" E),
where Q" := X" for n < 0.
Remark 4.8. m,(E) is an abelian group because hSptr is additive.
Exercise 4.9. ForY € Spc,, show that

T (Z7Y) 2 7w (V).

In particular, it vanishes for n < 0.
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Remark 4.10. The above exercise implies all the stable homotopy groups of the
spheres are encoded as the usual homotopy groups of the space Mapsg,,(S,S). Note
that this space admits a homotopy coherent multiplication structumﬁr

Exercise 4.11. Let E € Sptr be a spectrum. Show that Q®°FE ~ {+} iff n,E ~0 for
n>0.

5. FINITE SPECTRA

Exercise 5.1. Let C:=1Ind(Cq) be the ind-completion of an essentially small pointed
oo-category that admits finite limits and colimits. Show that

Sptr(C) = Ind(colim [Cy ¢3S Co-]),
where the colimit is taken inside Cate,. Deduce that Sptr(C) is compactly generated.

fin

Example 5.2. For C = Spc,, we can take Cy := Spc,", where Spcfin c Spc is the
smallest full sub-oo-category that contains * and admits all finite colz’mitsﬁ. Write

Sptr := colim [Spc™” =N Spcn =N Spcim...]
and call it the oo-category of finite spectra. We obtain an equivalence
Ind(Sptrﬁ") ~ Sptr,
which allows us to identify Sptrfin as a full sub-oo-category of Sptr.
Theorem 5.3. We havdf] Sptr™ = SptrP*.

APPENDIX A. SPECTRA AND COHOMOLOGY THEORIES
Construction A.1. Let E € Sptr be a spectrum. For any CW pair (X,Y), define
E"(X,Y) =n_,(Maps(Z*(X/Y), E)).

Write E™(X) := E™(X, @).
Exercise A.2. For any CW pair (X,Y'), construct a long exact sequence
~E"(X,Y) > E"(X) - E"(Y) > E""Y(X,Y) » E"Y(X) » E"™(Y) > .

Exercise A.3. Assign a (generalized) cohomology theory (on CW pairs) to a
spectrum E. What do you get for E:=HA or S?

Exercise A.4. Show that any cohomology theory is represented (in the above sense)
by a spectrum, which is unique up to homotopy.

Warning A.5. Nonzero morphisms between spectra could induce zero transforma-
tions between cohomology theories. Such maps are called phantum maps. See this
MathOverflow question,.

Remark A.6. We also have similar story for homology theories. However, such
construction uses the smash products on spectra, which we have not defined yet.

A.7. Suggested readings. HA.1.4.1.

3We have not yet defined what this means!
4An object is contained in Spcfi" iff it can be represented by a finite CW complex.
5This result is well-known. For example, see this MathOverflow question.


https://mathoverflow.net/questions/117684/are-spectra-really-the-same-as-cohomology-theories
https://mathoverflow.net/questions/289520/dual-objects-in-the-infty-category-of-spectra

	1. Stable homotopy groups
	1.1. 
	1.2. 
	1.5. 
	1.9. 

	2. Spectra
	2.1. 
	2.8. 
	2.10. 
	2.12. 

	3. Spectra and infinite loop spaces
	3.1. 
	3.4. 

	4. Spaces vs. spectra
	4.1. 

	5. Finite spectra
	Appendix A. Spectra and cohomology theories
	A.7. Suggested readings


