LECTURE 7

Last time, we defined limits and colimits in an oco-category. In this lecture, we
study functorial properties of them.

1. FUNCTORIAL IN u

Construction 1.1. Let K be a simplicial set and C be an oco-category. For a
morphism o :ug > uy in Fun(K,C), we have a canonical functor

C/uo - C/ul

compatible with the forgetful functors to C (see [Lecture 6, Proposition-Construction
8.15]). Using this functor, we obtain a canonical lifting of limug € C to Cy,,,. By
the definition of final objects, there is an essentially unique morphism

limug = limu,
compatible with their liftings to C,,,, .
Dually, there is an essentially unique morphism
colim ug — colim uy
compatible with their liftings to C,, ;.
By loc.cit., these morphisms are invertible if « is so.
1.2. In future lectures, we will update the above construction to a functor
lim : Fun(K,C)" - C,
where Fun(K,C)" c Fun(K,C) is the full sub-co-category consisting of diagrams
u: K — C such that limu exists.

2. FUNCTORIAL IN C

Construction 2.1. Let F: C - C' be a functor between oco-categories, and u: K —
C be a diagram. We have an obvious functor

C/u - C;Fou

compatible with F' via the forgetful functors. Using this functor, we obtain a canon-
ical lifting of F(limu) € C' to C;Fou. By the definition of final objects, there is an
essentially unique morphism

F(limu) - lim(Fou)
compatible with their liftings to C;Fou.
Dually, there is an essentially unique morphism
colim (F ou) —» F(colimu)

compatible with their liftings to C;,ou/.
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Definition 2.2. Let F': C— C' be a functor between oo-categories. We say a limit
diagram u : K< — C is preserved by F if the composition Fou: K¥ — C' is a limit
diagram. We also say limu is preserved by F'.

Exercise 2.3. Show that F preserves limu iff F(limu) — lim (Fou) is an isomor-
phism.

Exercise 2.4. Show that if two functors F,G : C - C' are equivalent to each other,
then a limit is preserved by F iff it is preserved by G.

Exercise 2.5. An invertible functor preserves all existing limits.

2.6.  Although we have not yet introduced adjoint functors between oco-categories,

let us record the following result:

Theorem 2.7. Let F:C—=—=D:G be an adjunction between co-categories. Then
(1) The functor F preserves all existing colimits.

(2) The functor G preserves all existing limits.

Definition 2.8. Let F; : C — D; be a collection of functors between oo-categories.
For a diagram u : K — C, we say {F;} detect the limit of u if an extended diagram
w: K= Cis a limit diagram whenever F;ou: K — D; are limit diagrams.

Warning 2.9. In the above definition, we do not assume limwu a priori exists.

2.10. Although we have not defined representable functors, let us record the fol-
lowing result:

Theorem 2.11. Corepresentable functors preserve and detect all limits.
Remark 2.12. Let us restate the theorem in more explicit words. In future lectures,
we will construct a canonical functorfl]
Maps(—,—) : C°* x C - Grpd,,.
Then the theorem says:
(1) A diagram w : K< — C is a limit diagram iff for any object x € C, the
covariant functor Maps(x,-) sends it to a limit diagram in Grpd, .
(2) A diagram u : K< — C° 4s a limit diagram iff for any object x € C, the
contravariant functor Maps(—,x) sends it to a limit diagram in Grpd,.

Warning 2.13. Similar claims would be false if Grpd,, is replaced by hGrpd,, .

Theorem 2.14 (Ker.02X9). Let C be an oo-category and B be any simplicial set.
Then (co)limits in Fun(B,C) can be calculated pointwisely.

Remark 2.15. The precise meaning of the above theorem is the following. Let
u: K — Fun(B,C) be any diagram. Suppose for any 0-simplex b in B, the diagram

evyp

ulp : K - Fun(B,C) —> C

admits a limit, then limu exists and is preserved and detected by the collection of
functors evy, : Fun(B, C) — C. In particular, we have

(Iim u)|b i lim u\b.

Note that this claim is not trivial because the construction of a functor B — C,
b limuly is not. See {1

Lwe only constructed a functor C°P x C - hGrpd,, in [Lecture 4, §10].
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Proposition 2.16. A fully faithful functor detects all (co)limits.

Exercise 2.17. The proof of the above proposition is sketched as the following
ezercise. Let F': C— C' be a functor. Prove:
(1) The functor F is fully faithful iff it can be represented by a monomorphism
F :C - C' between quasi-categories such that an n-simplex of C' is contained
in the image of F iff all the vertices of this simplex have the same property.
(2) If F is fully fatifhul, then Fun(K,C) — Fun(K,C") is fully faithful for any
simplicial set K.
(3) If F is fully faithful, then Cj, — C}Fou is fully faithful for any diagram
u: K —C.
(4) If F is fully faithful, then it detects limits.

Warning 2.18. Fully faithful functors may not perserve limits. Example: [0] >
[1] does not preserve empty limits, i.e. final objects.

3. FUNCTORIAL IN K

Construction 3.1. Let v: K' - K be a morphism in Seta and u: K — C be a
diagram in an oo-category C. We have a restriction functor

C/u - C/uov

compatible with the forgetful functors to C. Using this functor, we obtain a canonical
lifting of limg u € C to Cjyyor - By the definition of final objects, there is an essentially
unique morphism

limu — lim (uov),

K K
compatible with their liftings to Cye,-

Dually, there is an essentially unique morphism
colim (uwowv) — colimu

K’ K

compatible with their liftings to Cyey)-

Definition 3.2. Letv: K' — K be a morphism in Seta. We say v is initiaﬂ if for
any oo-category C and any diagram u: K — C, the restriction functor Cj, — Cjyop
is an equivalence between oo-categom'eﬂ.

Dually, we sayv: K' - K 1is ﬁnaﬂ if for any co-category C and any diagram wu :
K — C, the restriction functor C,; — Cyoyy is an equivalence between oo-categories.

3.3. It is clear that if v is initial, then limg u — limg (v o v) is invertible for any
diagram u : K — C. In fact, the converse is also true (Proposition [3.12)).

3.4. Note that v: K’ — K is initial iff v°? : (K')°® - K°P is final. Hence in below,
we focus on initial morphisms.

Proposition 3.5 (Ker.02NN, 02NP)). For morphisms in Seta, being initial is in-
variant under equivalences.

20ther terminologies in the literature: op-cofinal, left cofinal.

3This definition is equivalent to that in the works of Joyal and Lurie (see Ker.02N1) by
Ker.02NR.

4Other terminologies in the literature: cofinal, right cofinal.
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3.6. As a result, we obtain the notion of initial functors between oo-
categories.

Warning 3.7. An initial functor between ordinary categom'efﬂ may fail to be an
initial functor between oo-categories.

Proposition 3.8 (Ker.043E). A functor x : A - K between quasi-categories is
inatial iff © is an initial object in K.
Warning 3.9. In general,
o An initial morphism v : K' — K is not an initial object in Fun(K' K).
Ezxample: |d: Al - AL
e An initial object in Fun(K',K) is not an initial morphism v : K' - K.
Ezample: K' - AY such that K’ is not weakly contractible. See Proposition
below.
3.10. As an application, we obtain the following useful criterion for limits.

Proposition-Construction 3.11. Let u: K< — C be a diagram in an oo-category
C. Write u:=u|g. Consider the restriction functors
Crat < Cra > Cu-
(1) The functor Crysy < Cry is an equivalence.
(2) The functor Cpz — Cy,, is an equivalence iff u is a limit diagram.
In particular, we obtain an equivalence Cjjim 5 Cju whenever limu exists.

Proof. (1) follows from the fact that the apex A° — K< is initial (Proposition
[3-8). It remains to prove (2). By [Lecture 6, Exercise 3.8], we have a canonical
equivalence C/z = (Cjy)/m(+). Now the claim follows from [Lecture 6, Proposition
4.2). O
Proposition 3.12. Let v: K' - K be a morphism in Seta. The following condi-
tions are equivalence:
(1) The morphism v is initial.
(2) For any diagram u: K — C in an oo-category C, we have:
— The limit of u exists iff the limit of uov exists;
— The morphism limg u > limg/ (uov) is invertible.
Proof. (1)=(2) is obvious. Now suppose v satisfies (2).

Let C be any oo-category, we need to show C;, — C/y0, is an equivalence. In
future lectures, we will show that there exists a fully faithful functor C - D such
that D admits all K-indexed limitaﬁ Consider the composition w : K — C — D.
We claim

e If D)y = Doy is invertible, then so is Cj = Cpyo-
Indeed, under this assumption, we have a commutative diagram

C/u - C/uov

L

D/w = D/wov

5See |Sta24, [Tag 09WN] for what this means.
6The Yoneda embedding C — Fun(C, Grpd,, )°P is such a choice as long as K and C are small.
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By Exercise [2.17](3), the vertical functors are fully faithful, and it is easy to identify
their essential images via the bottom equivalence. It follows formally that the top
functor is an equivalence as desired.

Hence we only need to show D, = Dy, is invertible. In other words, we can
assume C admits all K-indexed limits. Using Proposition-Construction [3.11} it is
easy to construct a commutative diagram

C/Iimu R C/Iim (uow)
C/u - C/uova
which implies the desired claim. [l

Exercise 3.13. Let I ER J5 K be morphisms in Seta. Suppose f is initial. Then
g 1s initial iff g o f is initial.

Warning 3.14. The collection of initial morphisms does not have the 2-out-of-3
property.

Exercise 3.15. Consider the following diagram in Seta

Al
N
AY A,

Show that exactly two of the three morphisms are initial.

Proposition 3.16 (Ker.02NK). The collection of final (resp. initial) morphisms
is closed under finite products.

Remark 3.17. The above proposition can be established once we have the distri-
bution law of limits, which says for a digram u:J x K - C,

lim w = lim [limu (g, -)].

JIXrT;(u—>jIEr9[IIQ1U(J, )]
However, this claim is not trivial because the construction of a functor J — C,
j = limg u(j,-) is not. See {1
3.18. [Lecture 6, Proposition 2.10 and Proposition 2.12 | have the following gen-
eralization:

Proposition 3.19 (Ker.02N5)). Let v: K' — K be a morphism in Seta.

(1) If K is a Kan complex, then v is initial (resp. final) iff it is a weak homotopy
equivalence.
(2) If v is initial (resp. final), then v is a weak homotopy equivalence.

Exercise 3.20. Let K be a weakly contractible simplical set and C be an oo-category.
For an object x € C, consider the constant diagram K — C with value x. Show that:

colimz - x - limx
K K

are isomorphisms.
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Exercise 3.21. Show that for C := Grpd,,, the claim of the above exercise would
be false for general K.

Proposition 3.22 (Ker.02N9). If a functor F : C - D exhibits D as the oo-
categorical localization of C with respect to a collection of morphisms in C, then
F is both initial and final.

Exercise 3.23. Let u: K — C be a diagram in an oo-category C such that its image
is contained in C=. Suppose K is weakly contractible, show that for anyie K

, i I .
u(i) > colimu, limu — u(7)

are isomorphisms.

3.24. Let us also record the following result:

Theorem 3.25. Let F': C == D : G be an adjunction between oco-categories. Then

(1) The functor F is initial.
(2) The functor G is final.

4. QUILLEN’S THEOREM A

The following result, known as Quillen’s Theorem A for co-categories, was first
proved by Joyal. We will prove it in future lectures.

Theorem 4.1. Let v: K' - K be a morphism between simplicial sets. Suppose K
is a quasi-category, then:
(1) v is initial iff for any object x € K, the fiber product K' g K, in Seta is
weakly contractible.
(2) v is final iff for any object x € K, the fiber product K' xx K, in Seta is
weakly contractible.

Remark 4.2. When K’ = A%, the theorem reduces to Proposition . This fol-
lows from the fact that Hom';((x,y) = {y} xx Ky is a model of the co-groupoid
Maps (2,y).-

Remark 4.3. When K = A, the theorem reduces to Proposition (1)

Remark 4.4. When K' is also a quasi-category, the fiber product K' xgx K,
which is taken in the ordinary category Seta, also calculates the corresponding fiber
product in the quasi-category QCat (see [Lecture 6, Footnote 4]). Hence we have
an oo-categorical version of the above theorem: for a functor v : K' — K between
oo-categories.
(1) v is dnitial iff for any object x € K, the fiber product K’ xx K, is weakly
contractible.
(2) v is final iff for any object x € K, the fiber product K' xyx K,/ is weakly
contractible.

Remark 4.5. In future lectures, we will show that

(1) A functor v: K" - K has a right adjoint iff for any object x € K, the fiber
product K’ xk K/ has a final object.

(2) A functor v : K' = K has a left adjoint iff for any object x € K, the fiber
product K’ xk Kz has an initial object.
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Hence Theorem can be deduced from Theorem and [Lecture 6, Proposition
2.12].
Exercise 4.6. Let Aiyj be the subcategory of A defined by:

e Objects are [n] for n >0;
e Morphisms are injective nondecreasing maps [m] - [n].

Show that Ne(Ainj) = Ne(A) is initial.

APPENDIX A. LIMITS PRESERVED BY ALL FUNCTORS
A.1. Certain limits are preserved by all functors.

Construction A.2. Consider the ordinary category ldem defined by:

e There is an unique object *;
e Hom(x,x):={id,e}, with eoe =e.

Exercise A.3. Find all the non-degenerate simplezes of the nerve of ldem.
Exercise A.4. Prove the following theorem.:

Theorem A.5. Limits and colimits indexed by ldem are preserved by any functor
between oo-categories.

Construction A.6. Let A,z be the ordinary category defined by:

o Objects are [n] for n > -1, where [-1] = @.
e Morphisms are nondecreasing maps [m] — [n].

Let Agpiie be the ordinary category defined by:

e Objects are [n]u {-o0} forn > -1.
e Morphisms are nondecreasing maps [m]u {-oc} - [n]u {-o0} that send
—o00 to —oo.

We have obvious functors
A — Aaug - Asplit~
Exercise A.7. Show that A,ug can be identified with A®.

Theorem A.8. Show that if a diagram u: AY — C can be extended to a diagram
u': Agpiit > C, then u is a limit diagram. In this case, we say the limit is a split
cosimplicial limait.

Exercise A.9. Deduce that split cosimplicial limits are preserved by any functor.

A.10. Suggested readings. Ker.03Y9, HA.4.7.2.

APPENDIX B. CONSTANT (CO)LIMITS IN Grpd,,

Exercise B.1. Let K € Seta and X : K — Kan be a diagram with constant value
X € Kan. Can you extend it to a diagram K< — Kan such that the value of the
apex is Fun(K,X)?


https://kerodon.net/tag/03Y9

8 LECTURE 7

Exercise B.2. Let K € Seta and X,Y € Kan. Consider the constant functors
X,Y e Fun(K,Kan). Construct the following weak equivalences between Kan com-
plexes:

Fun(Y, Fun(K, X)) =~ Fun(K, Fun(Y, X)) = Fun(K, Homk,, (Y, X)) =~
= Fun(K, Homl%an(yv X)) = HomEun(K,ICan)(Xﬂ K)
Deduce that
lim X ~ Fun(K, X).
K
Exercise B.3. Let K € Seta and X : K - Kan be the constant functor with value
X e Kan. Suppose K is a Kan complex, prove that
colimX ~ K x X.
K
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